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General Instructions Section I Multiple Choice
* 10 marks
» Reading time — 5 minutes = Attempt all questions.
=  Working time — 2 hours = Answer Sheet provided
= Write using black pen = Allow about 15 minutes for this section
=  Write your name on the front of
every booklet. Section II Free Response
* In Questions 11 to 14 show = 60 marks
relevant mathematical reasoning = Start a separate booklet for each
and/or calculations. question.
= NESA approved calculators and = Each question is of equal value.
templates may be used. * All necessary working should be shown
»  Weighting: 30% in every question.
= Allow about 1 hour and 45 minutes for
this section.




Section I

10 marks

Attempt Questions 1 — 10

Allow about 15 minutes for this section

Use the multiple choice answer sheet for Questions 1 — 10.

1. The acute angle between the lines y=2xandy=06x1is0 .

What is the value of tan© ?

4
A. —
13
8
B. —
11
1
C. —
8
4
D. —
9

2. From 5 mathematics books and 6 English books, 3 mathematics books and 2 English

books are to be selected.

Which expression represents the number of combinations possible?

A, 30Ce
B. !'Cs
C. °C3x°C,
D. °C3+°C,
1-x
3.  Let f(x)= . What is the ) ]j_1>noof(x) ?
A -1
B. —x
C. 1
D. 0



1
Using the substitution u = x? + 1, which of the following is equivalent to J xxt + 1 dx ?
0

1
A. Js/b—ldu
0
L
B. —J\/;du
2J,
2
C. J\/;du
1

L (2
D. —J\/;du
2),

Five distinct green books, four distinct red books and three distinct yellow books are placed
randomly along a shelf. What is the probability that the yellow books are all next to each other?

314!5!
A.
12!
3!'10!
B. —
12!
3!
C. —
12!
10!
D. —
12!



6.  Inthe diagram, ABC is a circle. D is on the perimeter of the circle, with AB and DC produced
to meet at E. ZBAC = 28° and £DEA = 23°.
What is the measure of 2DBE ?

A. 129°
B. 134°
C. 152°
D. 141°

-1 1
7. Which diagram represents the domain of the function Jf(x)= cos [x n l] ?

- c . C
A. -1 l-m
i
- O » ]
B. -1 1l -7
T
C - . O - -
-2 -1 0
2 0



10.

The remainder when the polynomial P(x) = x* — 8x3 — 7x? + 3 is divided by x? + x is
kx+3.
What is the value of & ?

A -14
B. -11
C. -2
D. 5

9
. . . . . 3

What is the constant term in the binomial expansion of [2x — —ZJ ?
X

A, Ce x2° %3
B.  °C3x2’ x3°
C. —7Cex20x3’

D. —°C;x2*x3°

Projectiles A and B are launched at the same time at velocity /" and angle a. However projectile
A is launched from a higher position. The two projectiles land in the same horizontal plane.
Which of the following is always true?

A. A and B will reach the ground at the same time.

B. 4 and B will have the same range.

C. A4 will reach its maximum height earlier than B.

D.  The maximum speed of 4 is greater than the maximum speed of B.



Section IT

60 marks

Attempt Questions 11 — 14

Allow about 1 hour and 45 minutes for this section

Answer each question in the appropriate writing booklet. Extra writing booklets are available.

In Questions 11 — 14, your responses should include relevant mathematical reasoning and/or
calculations.

Question 11 (15 marks)

3x
a)  Solve > -1 2
2x+3

b) In how many ways can three cards be selected from a standard pack of 52 playing
cards if no more than one selected card is an Ace? 2

c) (1) Show that a solution of the equation x hx =1 lies betweenx =1 and x = 2. 1

(i1) Using x = 1.5 as a first approximation, apply Newton’s Method once to obtain
a better estimate of the exact solution.

State your answer correct to one decimal place. 2
_ xdx
d)  Use the substitution # = 3x + 2 to find E— 2
(3x +2)

e) A survey of the weather pattern in Cropp River in New Zealand was conducted
over a period of 160 consecutive days. It was found that it rained on 96 of those
days. Ten of the 160 days are selected at random. Find the probability that it
rained on at least eight of those days. State your answer correct to three decimal
places. 3

Use mathematical induction to prove 23" — 3" is divisible by 5 for integers n > 1. 3
p Y g

End of Question 11



Question 12 (15 marks)

a) A person who is 1.5 metres tall is walking away from a light positioned on a pole that is 6
metres tall. The person walks at a constant speed of 1.2 metres per second at the time they are y
metres from the base of the pole.

6 m

|
!
| |
NOT TO SCALE

(1) Using similar triangles, or otherwise, show that the rate at which [, the length
of the shadow, is increasing with respect to time is 0.4m/s. 1

1.5
(i) By differentiating / = o or otherwise, find the rate at which the angle
n

0 1is changing with respect to time when the person is 5 metres from the base
of the light pole. 3

b) A particle is moving in a straight line such that its velocity v ms™ is given by

v = 2¢™" , where x is the displacement of the particle (in metres) from the
origin. The particle is initially at O.

(1) Find an expression for the acceleration of the particle in terms of x. 1

(i1) Find an expression for the displacement of the particle in terms of time ¢. 3

Question 12 continues on the next page



Question 12 (continued)

c)  The rate of change of the temperature of a cool item placed in a warmer
environment is proportional to the difference between the temperature 7 of the
cool item and the temperature S of the warmer environment.

That is, = = k(S — T)

(i) Provethat T =S — Ae™*t, where 4 and k are constants, is a solution of the
above differential equation.

(i) Anna is cooking a large roast in an oven set to 160°C. The roast will be
cooked when the temperature at the centre of the roast reaches 150°C. When
Anna started cooking, the temperature of the roast was 4°C and thirty minutes
later the temperature was 60°C.

How long to the nearest minute will it take for the roast to be cooked?

d)  Use the substitution x =3tan® to find { i

End of Question 12



Question 13 (15 marks)
a)  The diagram shows a circle with diameter AB. EF is a tangent to the circle at

C. AC is extended to D such that DE is perpendicular to AE. Let ZBAC = 6.

, D

(1)  Copy the diagram and prove that BCDE is a cyclic quadrilateral

(i1)) Prove that EC = ED.

b) (i) Sketch y=sin (1—x) and state the domain.

(ii)) Given that sin(sin_lx - cos_lx)= w0 -1,

. -1 -1 . -1
hence solve sin x —cos x =sin (1—x) .

x—-3

2
X

c)  Consider the function f(x)=

(1)  Find the coordinates of the stationary point(s) on the curve y = f'(x), and
determine the nature.

(i1)) Determine the vertical and horizontal asymptotes for the curve y = f(x).

(ii1)) Sketch the graph of y = f'(x), showing the stationary points, asymptotes and
x- intercept.

End of Question 13



Question 14 (15 marks)

a) A point P (2ap, ap?) lies on the parabola x? = 4ay. The focus of the parabola is
at S. The tangent to the parabola at point P meets the x-axis at point A.

A X = 4ay
P (2ap, ap”)
*S
0 /A X

(1)  Find the coordinates of 4.
(i1)) Prove that £PAS is a right angle.

(ii1)) Show that the locus of the centre of the circle whose circumference passes
through the points P, S and 4 is a parabola, giving its vertex and focal
length.

b) Letn be an even positive integer.

inck xk+1:(l+x)n+l—l
(i)  Show that Hkﬂ n+1

.. . . : (-1 ¢,
(i1)) Find a similar expression for —_—
k+1
k=0
(ii1)) Hence, or otherwise, show that
"C+1"C+1"C+ N 1 nC_2"
073 72 5 AT el p+ ]

Question 14 continues on the next page
10



Question 14 (continued)

¢) A projectile is fired from O with velocity ¥ ms™ at an angle 0 (0° < § < 90°)

above horizontal ground and strikes the ground R metres from O. The horizontal
and vertical displacement (in metres) of the particle from O at time ¢ seconds are

givenby x = Vitcos® and y = — % gtz + Vtsin® respectively (where g is the

acceleration due to gravity).

y
%
0
X
R
V’sin 20
(1) Show that R = ——— metres.
g

(1) A second projectile is fired from O at an angle a (0° < a < 90°) with

velocity V ms™ and strikes the ground at a distance 2R metres from O.

1
Explain why 0<sn20 < 5

(ii1) Show that this is only possible if 0° <0 < 15° or 75° < 6 < 90°.

End of paper

11
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Multiple Choice Q1-10

tand = | 2—6
Mme =112
b - I
113
B 4
13
Q2 YC3 % 9C,
1—x?
fx) =
o 1—x?
lim
XX X
1 2
Q3 X X
im =%
X
1
lim——x
X->X X
0—x
y—o =X
u=x2+ 1 = du=2xdx
x=0 =2 u=1
x=1 > u=2
1
Q4 J X x2 +1dx
0
1 (2
= —J \/I/_l 2x dx
2J,
2
= 12| Ju du
1
Each book is distinct therefore no repetitions.
QS YELLOW - 3 groups

GREEN

DSDDDDDDDD

W
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_31o!
12!
Q6 £ BDC = 28° angles in the same segment
42 DBE = 180—23 —28 =129°
1
-1 < < 1lnbx # -1
x+1
1 1
_1 = 1:—
x+1 x+1
-x—-1=1 x+1=1
—x=2 X =
x=-2
Test regions
1< ! <1
x+1
= 1 __1 11
P AR N
True | False [ False | True
Q7
il -3 -2 j 0 1 2= 3

Px)=x(x+ 1)Ox + kx +3
P0) =3

Q8 P = (1) —8¢1) =71 +3=kx + 3
12-7=k(-1)+3
k= -2
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9C,2x) "(-3x7) = ax’

X
Q9 k=3

9¢C, 2° (-3) =0¢, 2° 3)’

Q10
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Question 11

Method 1
3x
> -1
2x+3
L 2
R
2 2
713 % 2x +3) = -1(2x+3) 2 marks — correct answer
2
3x(2x+3)+(2x+3) =2 0 1 mark — correct values
. 2x+3)[(2x+3)+3x] = 0 but incorrect in
@x+3)5x+3)=> 0 inequalities or statement
3
3 that x # -—
x< —Zorx =2 —— 2
5
Method 2
Test regions
3x
> -
2x + 3
3
X # —=
2 0@ -
a ) -1 0 1 2
3x
Solve = -
2x + 3
3x=-2x-3
5x+3=0
3
y= _2
5
Number of ways = No aces selected + One Ace Selected
48 4 80 =
G +7°C, X TC, = 21808 2 marks — correct solution
b OR
1 mark — either condition
°2C, - (*C,. ¢, +*C;.*8¢,) = 21808
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x=1
Jf(x)= xlog, x -1
I xX0-1= -1

Ifx=2

Jf(x)= xlog, x -1
2 X log,2—-1= 0.386

If curve is continuous, then it must cross x-axis between 1

and 2 as f(x) changes sign.

1 mark if both
demonstration of change
of sign and including
reference to graph must
be continuous

Jx)=xlog, x
1
f'(x)=logex+x><;
=log, x +1
Sa,)
a,=dy—
L @)
1.5log, 1.5-1
T log 15+ 1
=1.778

7(1.778) = -0.137
7(1.5)=0.608

Therefore better solution

2 marks — correct solution

1 mark — correct al
expression
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J xdx
2
(3x +2)
letu=3x+2 @—3
etu = 3x e
X = 3 ,x—3 u
u—2 1
:J3 ‘3
1{ . .
=§Jul—2u2du
1(1
Z—J— —2u2
9_u
—9_ogu—_lu
1 2
== logu +—}+C
9: u
~ Y log3x+2) +——| + ¢
o lo3¥ +2) +3 7+ C

2 marks - correct solution

1 mark — correct
transformation into
integral involving u with
correct substitution

1
of 3 du in place of dx

Rained on at least 8§ =rain on 8, 9 or 10 days.

@+q)

_ o _ 9% 3
Success—p— 160_5
.2
.q 5

G, pq+ ¢, pq + IOCIOpIO

= 0.16729

3 marks — correct solution

2 mark — two correct day
probability.

1 mark — correct binomial
expansion expression.
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1. Prove true forn =1

r=2"-3
=8-3=5
therefore divisible by 5

True forn = 1
2. Assume true for n =k

2 _3k=s5p (P is an integer)

2% =5p+ 3
or

3 =2"*_sp

3. Provetrueton=k+1

Tk+1 _ 23(k+1) _3k+1

=22 3 x 3t
since 2°* = 5P + 3* from above
=8(5P + 3 -33"
=5x 8P+ (8-3)3"
=58P + 35
=5M

M is an integers P and k are integers

Therefore 2°" —3" is divisible by 5 where 7 is an integer.

3 marks — correct solution

2 marks — correct
substitution in part 3 but
no further progress

1 mark — part 1 and part 2
correct.
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Question 12

We can equate using similar
triangles:
4.5 m 1 oy
6m . E - E
- 1
15m l= 3Y
. Ll T Differentiate both sides w.r.t, t: .
a-i | ; Cdl_1dy 1 mark correct solution
| : ! ; dr ~ 3de
o dy
Substituting - = 1.2:
L-Iix12=04ms
dr ~ 3 s
ltan8 = 1.5
Differentiating w.r.t. t:
at 2930 _
drtant? + lsec Bdt =0
. df
Solving for - e
4o %tanﬁ .
G- lsecZo 3 marks, correct solution
including correct final
We need values of | and 8 when v = 5: numerical value
1 _ 5+l
5 6 .
i 61 = 1.5(5 + ) 2 mfgks, corregg expressions
6l = 7.5+ 1.51 forE and o (or
4.51 5: 7.5 equivalent progress)
l= g m
1 mark, obtains at least one
tanf = 5= = 0.9 relevant, significant result
3
0 =tan"10.9 = 42°
Substituting (including % = 0.4):
ﬁ _ _0.4Xt.an(42°) _ _ 0.4xtan(42°) —0.119 ~ —0.12°5
dt >xsec2(42°) ;Xicoszl(m ’ )
g I_.-" 1 s -
a= —
dx i 2 '
Gl
) = — | —(2¢ .
b-i dx | 2 1 mark correct solution
_ 4[]
dx
- - 8¢
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v=2g ™"
ax 2
dt g’
dr e’
dax 2

3 marks correct solution

2 marks correct expression for
t

60 =160 — 154¢""*

s0x 100
154
100
30k=In| —
154

1 100
30 \ 154

b'ii = a : =
1 1 mark for correct primitive
whent=0.x=0=c=-_ function for t, including a
1 . 1 constant.
TIf Ty
dr=¢"" -1
X = i—ln (41+1)
T=S-Ade "
wde M=85-T .(D
c-1 1 mark correct solution
dr — ke
—=kde
dt
=k(S-T) ... from(Q)
T=8-de "
S =160°
atr=20 3 marks correct solution
0
4=160-Ae 2 marks, obtains correct
A= 154 values for A and k or obtains
c-ii an answer through correct

working with one incorrect
value.

1 mark, finds a correct value
for A or k.
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150 = 160 — 154e '*

—tk 10
e [ —
154

10
ci=nf 2]
154

, lm[ﬂ]
ko154

= 189.98 = 190 min

x = 3tand
dx = 3sec26 do

J b
/(xz N 9)3
2
J 3sec 0 dO

JOtan® 0 + 9)°

3sec’0 do
: (J9(tan2 0+ 1)3)

(3sec’® dO
7 (3 secE))3

1
= §JCOSG do

1
=§sine +C

X

o> + 9

] X
since tan0 = E

3 marks correct solution
2 marks obtains a correct
primitive function in terms of

theta.

1 mark for dx
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Question 13

£ ACB=90° (angle in a semicircle)

£ BED=90° (given) 1 mark — for a correct

a .
~ BEDC is a cyclic quad solution.
(ext £ = opp interior £)
£ CBD= 90° ( straight angle )
+ £DCE= 90" - £BCE 3 marks — correct solution
= 00°-0°
a-ii 2EDA = 90°— 2DAE 2 marks -
= 00°-0°

1 mark -
~ AEDC 1s isosceles ( equal base angles )

EC= ED ( sides opp equal ang's in isosceles A)

2 marks — correct diagram

1 mark — correct domain

2 marks — correct solution
including explanation for
rejection of x = -1

1 mark — deriving
quadratic equation
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sin” x — cos”'x = sin'l(l —X)
sin [sin”' x — cos”x] = sinfsin” (1 —x)]
20 —1=1-x
2 +x-2=0
x-Dx+1)=0
1
x=—orx=-1
2
1 o .
x=o only lies in domain
1
y=—
2
-3
Jx)=—;
X
u=x-3 V=X
u =1 y=2x
' vu' —uy'
f'x)=—
%
2
_X - 2x§x —3) 3 marks — correct solution
X
6x — x° 2 marks
= 4 - Failure to prove
X nature but correct
c-1 f'x)=0 coordinates
6x—x"= 0 - One arithmetic
x(6-x)=0 error in
xX= 60r0 calculation
Butx # 0 - Did not explain
1 rejection of x =0
= 6 = _—
* Y712
X 5 6 7
1 1
f*(x) — 0 —
125 343
Therefore Maximum at x = 6
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Vertical Asymptotes
S =2
)= —
b
b+ 0
vertical asymptote at
=0
x=0
Horizontal Asymptote
c-i
. x—3
fim_£00) =
X — 00 x
L3
x 2
13
+oo :EOOZ
=0
Horizontal Asumptote
y=0

2 marks — both
asymptotes correctly
derived

1 mark — one correct
asymptote

c-1il

x Intercept
(3,0)

2 marks — correct diagram
with all required points

1 mark — correct shape
lacking required points
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Question 14

X" = 4ay
|2
Y= 4a
dy 2x x
dc 4a 2a
atx = 2ap
2ap
a-1 m=-_ -P

2
y—ap” = p(x —2ap)

1 mark — no need to derive

equation as should be used from
the Reference Sheet.

2
y=xp—ap
aty=20
2
ap
xX=—=ap
P
~ A (ap, O)
mp=p
_0-a_ @
Mas ap—0 ap
a-ii B 1 1
mpxXm =pX —p—-
~ perpendicular

= £PAS is a right angle

1 mark — correct derivation of
both gradients and use of
m; X m,= -1
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11

P ap, ap’); S(0.a); 4 (ap.0)
From partii —if 2PAS = 90° then PS is a diameter of circle passing through P,

A, and S.
(angle in semicircle is a right angle)

Centre of circle is midpoint of PS

2
0+2ap a+ap
Mg, = [ ]

2 2
a 2
ap,E(I +p)

2, 2
2ay= x" +ta

x = 2ay—012
2 a
= 2 —
x a[y 2]

a a
Verdx = [0, ,5] Focal length = 5

3 marks —
correct
solution

2 — correct
equation for
locus

1 mark —
correct
derivation of
midpoint
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(1+x)' ="Cy +7C, +"C, x>+ . +7C, x"
n+1
J(l+x)” dx:&
n+1
(ler)n+1 X X P
Tar1CGytGg G ETTC
Letx =0
1 =C
n+1
(l+x) 1
n+1 k+1 n+l

n n+
an k+1 (1+X) ! 1
—x = J—

ZkJrl n+1 n+1
k=0

n+1
k+1 (1+x)

n an B _l
2k+1x B n+1

k=0

2 marks —
correct
solution

1 mark —
attempt to use
integration
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(1—x)" ="Cy +C,(-1)x +C, (-1 x" +

n+1
n 1-
J(l_x) P
—(n+1)
(l—x)"+1 X X ”
Ty GG N 60D
Letx=20
! =C
nt+l
b-ii (1+x)n+1 — "C; ko k1 1
e
~+ 1) et n+1
=0

n " n+1
G i (-0 1
— (-1) x = +
k+1 —-(n+1) ntl
k=0

an kook+1 7(17x)n+1+1
Zk+1[-l) T

n+1
k=0

Letx=1

n

1
n+1

an .
e

k=0

n+1

X
n+1

o #1C (-1)" X"

+C

1 mark for
solution
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n

2 G-
k+ n+1
led () + 1) x

letx =1
"C, "C; C,
="Cy+— +—+ +
k+1) Gt 3 4 “n+1®
=0
n+1
2 et =] R
b- k+1 n+1 n+1
iii
letx =1
"C "C nC nC
2 D) =1+ = (1) ) ) ) @)
K+l 2 3 4 n+ 1
O+®

n+1

-1

n+1

12

1 1 1 2
2| "Cy+-"Cy+-"Cy +..—nC_|=
3 5 n " n+1

1 2"

1 1
nC.+—"C,+—="C, +..—nC =
03 25 n " (nt+t1)

n+tl (n+1)

2 marks for
working and
solution.
MUST
mention # is
even.

x = VicosO

[ :
y= —Egt + Visin®

when y=0
o 2 marks for
Vsin® = ; gt working and
Cil apeng solution.
; _ 1 mark for
e solving for t.
x=V X X cosO
Vsin(26) L .
= since 2sinBcosO = sin(20)
g
VsinQa) 2V sin(26)
g 8

sin(2a) = 2sin(20)
but 0 < sin(2a) < 1
0<2sin(20)< 1

11

1
0 <sin(260) <~

1 mark for
working
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1l

sin™1(0) < 268 < sin~1(0.5)
0<260<30 or 150 < 260 < 180
0<6<15 or 75 <0 <90

2 marks for
correct
solution and
working

1 mark for
only one
inequality
solution.
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